ABSTRACT This paper is concerned with the problem of robust decentralized output-feedback control for a class of continuous-time large-scale nonlinear systems. Each nonlinear subsystem, described by a Takagi-Sugeno model, involves in the interconnections and parametric uncertainties of the large-scale systems. The main focus of this paper is to design a robust decentralized static output-feedback (SOF) fuzzy controller, such that the resulting closed-loop system is asymptotically stable with a prescribed H ∞ disturbance attenuation level. Based on some matrix inequality linearization techniques and the descriptor system approach, sufficient conditions for the existence of a robust decentralized SOF H ∞ fuzzy controller are presented in terms of linear matrix inequalities. From different perspectives, the desired controller is designed to analyze the degree of conservatism induced by considering various limitations. The effectiveness and superiority of the proposed method are finally demonstrated by two numerical examples.
I. INTRODUCTION
Many practical systems, for example, communication networks, transportation systems, industrial processes, and power systems, are increasingly large in the dimensionality and strongly interconnected in the structure, and such complex systems can be considered as a class of large-scale systems [1] - [4] . Generally speaking, a large-scale system is comprised of several subsystems with evident interconnections, and two essential difficulties: high dimensionality and strong interconnections. A natural way is to decompose the overall system into several subsystems as well as their interconnections, such that the control of the overall system can be implemented by a cluster of independent controllers instead of a single controller, which referred as decentralized control approach [5] . During the past few decades, as an effective control approach of large-scale systems, the decentralized control has attracted a great deal of attention from control communities, and a large number of results have been reported for large-scale systems. See for instance [6] - [9] and the references therein.
On the other hand, it has been confirmed that Takagi-Sugeno (T-S) model is a powerful tool to approximate any smoothly nonlinear systems with arbitrarily high accuracy [10] - [13] . The main advantage of T-S fuzzy models is that the fuzzy logic theory can be combined with linear system theory as an unified framework. Firstly, the T-S fuzzy model makes use of a family of IF-THEN fuzzy rules to describe the local linear input-output information about a nonlinear system. The global dynamics of the nonlinear system can be represented by these local linear models that are smoothly blended in virtue of fuzzy membership functions. Then, a variety of linear control methods are developed to fulfill the control design of the presented T-S fuzzy model. Up to now, the T-S fuzzy approach has been extensively studied in the literature [14] - [20] . More recently, the T-S fuzzy method has been extended to the area of large-scale nonlinear systems, and some significant results have been reported in the open literature [21] - [27] . To mention a few, the problem of decentralized state-feedback controller design for large-scale T-S fuzzy systems has been investigated in [21] - [24] . The authors in [25] and [26] presented the delay-dependent stability criterion and decentralized H ∞ filtering design result for large-scale T-S fuzzy systems with time-varying delay, respectively. Moreover, the decentralized H ∞ filtering design for large-scale T-S fuzzy systems with multiple constant time delays has been conducted in [27] .
In addition, it is well-known that usually only the measurement output information, rather than the full state information, is available for feedback control design of dynamic systems [28] . Thus, the static output-feedback (SOF) controller is more realistic and useful than the state-feedback one in practical applications. There have been, however, surprisingly few attempts to address the robust decentralized SOF H ∞ fuzzy controller design for the large-scale T-S fuzzy systems, which is the first motivation of this study. Moreover, it is also noted that the SOF control design is often formulated as a nonconvex problem representing the form of bilinear matrix inequalities (BMIs) or nonlinear matrix inequalities, which is, in general, difficult to solve using the existing numerical software. Recently, there have been some valuable results on the SOF H ∞ controller design for T-S fuzzy dynamic systems in the form of linear matrix inequalities (LMIs) [29] - [32] . However, these results given in [29] - [32] are obtained by imposing some constraints on the systematic input or output matrices. For instance, it is assumed that all local linear models share a common output matrix in [29] and [30] . In [31] , the strict limitation that the output matrices are common is relaxed, while the output matrices must satisfy some matrix-equality constraints. It seems that the problem of SOF controller design for T-S fuzzy dynamic systems can be solved efficiently via LMIs technique in [32] , nevertheless, the proposed approaches are not applicable to the case when uncertainties emerge in the system input and output matrices. Hence, it remains an open issue on how to obtain LMI conditions for robust decentralized SOF fuzzy controller design without making any restrictive assumptions on system matrices, which is the second motivation of the present study.
In this paper, we focus on the problem of robust decentralized SOF H ∞ control for a class of continuoustime large-scale nonlinear systems. Each nonlinear subsystem is of interconnections and parametric uncertainties in the large-scale systems, and can be represented by a T-S model. First, we will make use of some constraints on the system matrices, and the decentralized SOF H ∞ fuzzy controller design issue will be reformulated in the form of LMIs using some linearization techniques of matrix inequalities. Then, in order to relax all restrictive assumptions as much as possible, the descriptor system approach is used in this paper such that the closed-loop fuzzy control system could be represented in the form of descriptor systems, the corresponding LMI conditions will be derived to design the robust decentralized SOF H ∞ fuzzy controller for the large-scale T-S fuzzy system under consideration. Finally, two numerical examples are given to illustrate the effectiveness of the proposed method.
The remainder of this paper is organized as follows. Section II formulates the problem under consideration. The main results for the robust decentralized SOF H ∞ fuzzy controller design are given in Section III. Two numerical examples are presented in Section IV to demonstrate the effectiveness of the proposed methods, which is followed by some conclusions in Section V.
Notations: The notations used in this paper are standard. n and n×m are the n-dimensional Euclidean space and the set of n × m matrices, respectively. The matrix P ∈ n×n , P > 0 (≥ 0) denotes P being positive definite (or positive semidefinite). Sym{A} denotes A + A T . I n and 0 m×n are the n × n dimensional identity matrix and m × n dimensional zero matrix, respectively. The subscripts n and m × n could be omitted when the size can be directly determined in accordance with the context. For a matrix A ∈ n×n , A −1 and A T denote the inverse and transpose of the matrix A, respectively. diag{· · ·} is a block-diagonal matrix. L 2 [0, ∞) denotes the space of square integrable vector functions over [0, ∞). The notation indicates the terms that can be induced by symmetry. 
II. MODEL DESCRIPTION AND PROBLEM FORMULATION
In this section, we consider a class of continuous-time large-scale nonlinear systems, which is composed of N nonlinear subsystems with interconnections and parametric uncertainties, as shown in Fig. 1 . Here, the i-th nonlinear subsystem could be represented by the following T-S fuzzy model:
For the i-th nonlinear subsystem, R l i denotes the l-th fuzzy inference rule; r i is the number of inference rules; F l iφ (φ = 1, 2, . . . , g) are fuzzy sets; x i (t) ∈ n xi denotes the system state; u i (t) ∈ n ui is the control input; y i (t) ∈ n yi is the measurement output; z i (t) ∈ n zi is the regulated output; w i (t) ∈ n wi is the disturbance input belonging to
denotes the l-th local model;Ā ikl denotes the interconnection matrix between the i-th and the k-th subsystems;
A il and B il denote the uncertainty terms of the l-th local model satisfying
where H 1il , H 2il , and H 3il are known real matrices with appropriate dimensions. As studied in [33] , il (t) ∈ s 1 ×s 2 are unknown time-varying matrix functions with Lebesgue measurable elements satisfying 
Defining the inferred fuzzy set
where µ ilφ ζ iφ (t) is the grade of membership of ζ iφ (t) in F l iφ , and
In the following we will denote µ il := µ il [ζ i (t)] for the sake of convenience.
By fuzzy blending, the global T-S fuzzy dynamic model of the i-th subsystem can be obtained as follows:
where
Given the large-scale T-S fuzzy system in (5), a class of decentralized static-output-feedback (SOF) fuzzy controller is considered in the following:
Similarly, the overall SOF fuzzy controller of the i-th subsystem can be inferred as follows:
SOF H ∞ fuzzy control problem of the large-scale T-S fuzzy system (5) to be addressed in this paper can be formulated as:
Given the large-scale T-S fuzzy system in (5), and for a prescribed disturbance attenuation level γ > 0, design a decentralized SOF fuzzy controller in the form of (8) such that the closed-loop fuzzy control system is asymptotically stable, and under zero initial conditions the H ∞ disturbance attenuation level γ satisfies
for any nonzerow ∈ L 2 [0 ∞).
III. MAIN RESULTS
In this section, a series of results on robust decentralized SOF H ∞ fuzzy controller design are presented for the continuous-time large-scale T-S fuzzy system in (5) by using different approaches. In order to facilitate the SOF fuzzy controller design, we first consider a special case of the large-scale T-S fuzzy system (5), in which the assumptions on the measurement output of each subsystem are given as follows.
A1. The measurement outputs y i (t) are noisy-free, i.e.,
A3. the parametric uncertainties do not appear in the output matrices C i ; A4. the output matrices C i are of full row rank. For i ∈ N , since the output matrices C i are of full row rank for each subsystem, there exist nonsingular transformation matrices T ci ∈ n xi ×n xi satisfying [34] 
Based on the above assumptions, and by combining the large-scale T-S fuzzy system in (5), with the decentralized SOF fuzzy controller in (8), the closed-loop fuzzy control system can be expressed as
Now, on the basis of the closed-loop fuzzy control system in (11), we will present the following synthesis result.
Theorem 1: Consider the large-scale T-S fuzzy system in (5) with the assumptions A1-A4. A decentralized SOF fuzzy controller in the form (8) exists, and can guarantee the asymptotic stability of the closed-loop fuzzy control system (11) with an H
Moreover, the corresponding controller gains are given by
Consider the following Lyapunov function,
where 0 < P i = P T i ∈ n xi ×n xi , i ∈ N . Taking the time derivative of V i (t) along the trajectories of the closed-loop fuzzy control system in (11), one haṡ
Note that 2x
wherex,ȳ ∈ n and the scalar κ > 0. In addition, defineĀ ik ≥ Ā ik (µ i ) . Then, by using Lemma 1 as given in the Appendix, we also have
Based on the inequalities (19) and (20), and by introducing
Consider the following performance index
Under zero initial conditions, we have V i (0) = 0 and V i (∞) ≥ 0. Then, it follows from (21) and (22) that
T , and
It is easy to see from (23) that the resulting closed-loop system in (11) is asymptotically stable with an H ∞ disturbance attenuation level γ under zero initial conditions for any nonzerow ∈ L 2 [0 ∞), if the following inequalities hold:
By applying Schur complement to (25), we have
Then, by defining := diag E I P
and performing a congruence transformation to (26) by , it yields
For ∀i ∈ N , to carry out the SOF fuzzy controller design, we specify P
with
where 0
, and T ci are defined in (10) . Now, by substituting P given by (29) into (28) and extracting the fuzzy basis functions, the inequality (28) can be rewritten as
It follows from (10), (30) , and (32) that
Substituting (33) into ilj given by (32), together with (2) and (3), it gets
In addition, by introducing scalar parameters ε ilj > 0, (l, j) ∈ L i , i ∈ N and using Schur complement lemma and Lemma 2 given in the Appendix, the inequalities (13) and (14) can be obtained, thus completing this proof.
It is noted that the LMI conditions given by Theorem 1 are based on some assumptions on the measurement output of the large-scale T-S fuzzy system (5). We can also make the following assumptions on the input of each subsystem to derive the LMI conditions similar to Theorem 1.
A5. The regulated outputs z i (t) do not contain the input signal information, that is
A6. the input matrices B il , l ∈ L i are common, i.e., B il = B i ; A7. the parametric uncertainties do not appear in the input matrices B i ; A8. the input matrices B i are of full column rank. Due to the assumption that the input matrices B i , i ∈ N are of full column rank, there exist nonsingular transformation matrices T bi ∈ n xi ×n xi , i ∈ N satisfying [32] 
It follows from the assumptions in A5-A8 that the closedloop fuzzy control system consisting (5) and (8) can be expressed as,
Based on the closed-loop control system in (37), it is easy to derive the LMI-based results similar to Theorem 1. Due to the page length consideration, the corresponding results are omitted here.
Remark 2: It is noted that the assumptions A1-A8 on the system matrices are very restrictive in practical applications, such as a well-known fuzzy model, i.e., inverted pendulum on a cart, do not share a common input matrix. Thus, apart from assumptions A1-A8, the method considering these system matrix constraints is inapplicable to the decentralized SOF fuzzy controller design.
In order to relax all restrictive assumptions on the system matrices, a descriptor system approach [35] , [36] is developed to derive the LMI-based results for the robust decentralized SOF H ∞ fuzzy controller design.
By introducing virtual dynamics in the measurement output, and using the descriptor system approach, the closed-loop system consisting of (5) and (8) can be rewritten as
Definex i (t) = x T i (t) y T i (t) T , the closed-loop dynamics in (39) can be expressed as the following descriptor system:
In accordance with the descriptor system in (40), we have the following synthesis result.
Theorem 2: Consider the large-scale T-S fuzzy system in (5). Then, given matrices J i ∈ n yi ×n xi , i ∈ N , a decentralized SOF fuzzy controller in the form (8) exists, and can guarantee the asymptotic stability of the closed-loop fuzzy control system with an H
n yi ×n yi ,K il ∈ n ui ×n yi , and scalars 0 < η 0 ≤ η il , 0 < ilj , such that for all i ∈ N the following LMIs hold:
0 ,
(45) Proof: Consider the following Lyapunov function,
Then, by taking the time derivative of V i (t) along the trajectory of the descriptor system in (40), one haṡ
Introducing scalar parameters 0
µ il η il , i ∈ N , and follows (19) and (20) that (48) can be rewritten aṡ
Furthermore, it follows a similar line as the proof process in Theorem 1, we have
It is clear to see from (50) that the closed-loop fuzzy control system consisting of (5) and (8) is asymptotically stable with a prescribed H ∞ disturbance attenuation level γ under zero initial conditions for any nonzerow ∈ L 2 [0 ∞), if the following inequalities hold:
By applying Schur complement, the inequality in (52) can be rewritten as
In addition, it follows from (41) and (47) that (2) . Then, it is not hard to get from (55) that the inequality (53) implies −P i(3) −P T i(3) < 0, thus the Lyapunov matricesP i , i ∈ N are nonsingular. Now, defining¯ := diag E IP
−T i
, and performing the congruence transformation to (53) bȳ and¯ T , respectively, it yields
where (3, 3)
In order to cast the inequality (56) into LMI conditions, we defineX i =P −1 i , and it follows from (47) thatX i is specified asX (2) , i ∈ N
Now, by substitutingX i given by (57) into (56) and extracting the fuzzy basis functions, the inequality (56) can be rewritten as
It can be seen from (57) and (59) that the matrixX i(2) can be absorbed by the controller gain variable K ij by introducingK
Then, by introducing scalar parameters ilj > 0, (l, j) ∈ L i , i ∈ N , and it follows a similar line as in the proof of Theorem 1 that the inequalities (42) and (43) can be obtained, thus completing this proof.
In the followings, motivated by [37] , we will introduce an alternative descriptor representation to the robust decentralized SOF H ∞ controller design. An auxiliary system is firstly given by
Combining with (39) and (61), we can also obtain the following descriptor representation,
In terms of the descriptor system in (63), we consider the following Lyapunov function:
Similarly, it can be known that the Lyapunov matrices P i , i ∈ N are nonsingular. Now, in order to derive an LMI-based result, we defineX i =P −1 i , and specifyX i as
Based on (63)-(67), and following a similar line as the derivations in Theorem 2, we can readily obtain the succeeding results on the decentralized robust SOF H ∞ fuzzy controller design for the large-scale T-S fuzzy system (5).
Theorem 3: Consider the large-scale T-S fuzzy system in (5). Then, given matricesJ i ∈ n yi ×n xi , i ∈ N , a decentralized SOF fuzzy controller in the form (8) (2) ,X i(3) ∈ n xi ×n xi ,X i(4) ∈ n xi ×n yi ,X i(5) ∈ n yi ×n yi , K il ∈ n ui ×n yi , and scalars 0 < ρ 0 ≤ ρ il , 0 < ν ilj , such that for all i ∈ N the following LMIs hold:
ilj (1, 2)
Moreover, the corresponding controller gains are given by 
IV. NUMERICAL EXAMPLES
In this section, two illustrative numerical examples are utilized to verify the effectiveness of the developed robust decentralized SOF H ∞ fuzzy controller design methods in this paper.
Example 1: Consider a double-inverted pendulums system connected by a spring, the modified equations of the motion for the interconnected pendulum are given by [26] :
where x i1 denotes the angle of the i-th pendulum from the vertical; x i2 is the angular velocity of the i-th pendulum. The objective here is to design a robust decentralized SOF fuzzy controller in the form of (8) such that the resulting closed-loop system is asymptotically stable with an H ∞ disturbance attenuation level γ . A concise framework on the decentralized SOF control is shown in Fig. 2 . In this simulation, the masses of two pendulums are chosen as m 1 = 2 kg and m 2 = 2.5 kg; the moments of inertia are J 1 = 2 kg · m 2 and J 2 = 2.5 kg·m 2 ; the constant of the connecting torsional spring is k = 8 N/m; the length of the pendulum is r = 1 m; the gravity constant is g = 9.8 m/s 2 . We choose two local models, i.e., by linearizing the interconnected pendulum around the origin and x i1 = (±88 • , 0), respectively, each pendulum can be represented by the following T-S fuzzy model with two fuzzy rules. 
for the first subsystem, and 
for the second subsystem. The normalized membership functions are shown in Fig. 3 , where r i = 88 • . The parameter uncertainties are assumed to be the form of (2) as follows:
For the control design result given in Theorems 1-3, designating the transformation matrices T c1 = T c2 = 1 1 0 −1 ,
, and the measurement noises M il = 0.1, (i, l) = {1, 2}, considering the measurement noises or not, the minimum H ∞ performance γ min and the corresponding controller gains are calculated respectively as listed in Table 1 . Given the initial conditions Fig. 4 shows that the double-inverted pendulums system is not stable in the open-loop case. Taken the controller gains resolved by Theorem 3, Fig. 5 shows the state responses for the closed-loop large-scale system. Then, considering the external disturbances w 1 (t) = 0.8e −0.2t sin(0.2t) and w 2 (t) = 0.6e −0.2t sin(0.2t), it can be observed from Fig. 6 that the desired H ∞ performance is satisfactory under zero initial conditions, which fully demonstrates the effectiveness of the developed decentralized SOF H ∞ fuzzy controller design method.
Example 2: Consider a continuous-time large-scale T-S fuzzy system in the form of (1) with two interconnected subsystems as follows: It is straightforward to see that these two open-loop subsystems are not asymptotically stable. The objective here is to design a decentralized robust SOF fuzzy controller in the form of (8) such that the closed-loop fuzzy control system is asymptotically stable with an H ∞ disturbance attenuation level γ . Given a = 0.1, J 1 = J 2 = 1 1 ,J 1 =J 2 = 1 1 , and the measurement noises M il = 0.1, (i, l) = {1, 2}, the values of optimal H ∞ disturbance attenuation level γ min and the desired controller gains are obtained in Table 2 considering the cases with measurement noises or not, respectively.
Plant Rule
For the system with M il = 0.1, designating J 1 = J 2 = 1 1 andJ 1 =J 2 = 1 1 , a more detailed comparison between the obtained minimum H ∞ performance indexes, which based on different methods, is summarized in Table 3 for different parameters a. It can be seen from Table 3 that Theorem 3 gives much better results than the ones calculated via Theorem 2, which clearly verifies the conjecture given in Remark 3.
V. CONCLUSIONS
In this paper, the robust decentralized SOF H ∞ fuzzy controller design has been investigated for a class of continuous-time large-scale T-S fuzzy systems. A descriptor system approach by considering different virtual dynamics is adopted to derive the results with less conservatism. Through some matrix inequality linearization techniques, it has been shown that the SOF fuzzy controller gains can be calculated by solving a set of LMIs, and the resulting closed-loop fuzzy control system is asymptotically stable under a prescribed H ∞ disturbance attenuation level. Two illustrative examples have been provided to verify the effectiveness of the developed methods. An interesting problem for future research is to deal with the robust decentralized SOF control design for large-scale systems with the aid of non-deterministic switched system approach including dwell time switching [38] , average dwell time switching [39] and persistent dwell time switching [40] . 
